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1/3/36. Shade some squares in the grid so that:
1. Squares with numbers are unshaded.

2. Each number is equal to the product of the number of unshaded squares it can “see”
in its row and column. (A square can see another square if they’re in the same row or
column and the sight line between them doesn’t have any shaded squares. Each square
can see itself.)

3. The shaded squares must make one connected group. Two squares are considered to
be connected if they share an edge.

4
6 6
36 | 24
16
24
36| 18
6 12
36

The following is an example of a completed puzzle to clarify the rules.

2

12

There is a unique solution, but you do not need to prove that your answer is the only
one possible. You merely need to find an answer that satisfies the conditions of the prob-
lem. (Note: In any other USAMTS problem, you need to provide a full proof. Only in this
problem is an answer without justification acceptable.)
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Solution
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2/3/36. Calamitous Clod deceives the math beasts by changing a clock at Beast Academy.
First, he removes both the minute and hour hands, then places each of them back in a ran-
dom position, chosen uniformly along the circle.

Professor Grok notices that the clock is not displaying a valid time. That is, the hour
and minute hands are pointing in an orientation that a real clock would never display. One
such example is the hour hand pointed at 6 and the minute hand pointed at 3.

The math beasts can fix this, though. They can turn both hands by the same number of
degrees clockwise. On average, what is the minimal number of degrees they must turn the
hands so that they display a valid time?*

*Assume that after Calamitous Clod replaces the hands, they don’t move again until the
math beasts adjust their position.

Solution

Consider the set of pairs of angles (m, h), 0° < m,h < 360°. Each pair corresponds to a
clock position (possibly invalid), where m and h determine the number of degrees clockwise
from pointing at 12. For example, (180°,195°) would be the pair corresponding to 6:30. Let
S be the set of pairs that show a valid clock position.

Let the angle between the hands after Calamitous Clod replaces them be 6. Notice that,
relative to the hour hand, the minute hand travels at a speed of 6° — %O = %o /min. Thus,
it always takes

360° 720 .
——— = —— min
57 /min 11
before the minute and hour hands have the same angle between them. In other words, if
(mq, h1) and (maq, hy) correspond to times % minutes apart, then m; — hy = mg — ho.

The display of an analog clock repeats every 12 hours. Thus, it suffices to consider a

720-minute period. Since the angle between hands repeats every % minutes, this implies

that for any 0° < 6 < 180°, there are exactly 11 pairs in .S whose angles have a difference of
0. Furthermore, the values for the minute hand in those 11 pairs are equally spaced, since

between pairs it travels

720 60_43200
11 11
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After subtracting 360°, we get %. Thus, the 11 values for m are equally spaced along the
interval [0°,360°).

Since the angle is fixed once Calamitous Clod sets the hands, it is sufficient to consider
the position of the minute hand. There are exactly 11 valid positions for the minute hand,
which are equally spaced along the circle. Thus, the minute hand always lands in an interval
between two valid positions. This is equivalent to uniformly selecting a random angle o on

the interval [0°, 29%). The minimal number of degrees the math beasts must turn the hands
is
360°
J— O{,
11
whose expected value is

180°
11 |
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3/3/36. Let a, b be positive integers such that a® > b. Let

x:\/a—i-\/——\/a—\/g.

(a) Prove that for all integers a > 2, there exists a positive integer b such that x is also
a positive integer.

(b) Prove that for all sufficiently large a, there are at least two b such that x is a positive
integer.

Note: We've received some questions about what is meant by “for all sufficiently large
a.” To give a simple example of this phrasing, it is true that for all sufficiently large positive
integers n, we have n? > 100. Specifically, this is true for all n > 10.

Solution

(a) Let @ > 2 and assume z is a positive integer. The latter is true if and only if 2% is a
perfect square. We have

o (Vo i)+ (Vo BY 2 (e i) (Vo B).

which simplifies to

22 = 2a — 2va2 — b.

Certainly 22 is an integer, so a®? — b is a perfect square. That is, there exists a nonnegative
integer k such that k? = a®> — b. Then we can rewrite

v? =2(a — k).

Moreover, x2 is an even perfect square. That is, there exists some positive integer ¢ such

that 2 = (20)? = 4¢%. Then a — k = 2(*, so that k = a — 2¢* and a + k = 2a — 2/2.
The existence of k and ¢ therefore guarantees the existence of
b=a*—k* =20 (2a — 20°) = 40*(a — (7).
This is an integer, and if we let £ = 1, then b is indeed positive if a > 2.
To check, let £ = 1. Then b = 4(a — 1), and so

2% =2a —2Va% —4a+4 =2a—2\/(a—2)? =2a—2(a—2) = 4.
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(b) We proved in the preceding part that the example b = 4(a — 1), i.e., setting ¢ = 1,
will work for all @ > 2. Now consider ¢ = 2, which gives b = 16(a — 4) and

2% = 2a — 2Va® — 16a + 64 = 2a — 2(a — 8) = 16.

Thus x = 4, independently of the value of a, for a > 8.
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4/3/36. ABCD is a convex quadrilateral where ZA = 45° and ZC = 135°. P is a point strictly
inside AABC such that /ZBAP = /CAD and Z/BCP = ZACD. Prove that PB | PD if
and only if AC L BD.

Solution

Since /A + ZC = 180°, ABCD is a cyclic quadrilateral. Let w be the circumcircle of
ABCD. Let C" be the other intersection of w with line AP, and let A" be the other inter-
section of w with line CP. Connect AA and CC".

Since /BAP = ZCAD, we have BAC” = C’AD. Similarly, since /ZBCP = ZACD, we have

BA’ = AD. This means that our three segments are parallel: A’A || BD || C'C. Thus by
symmetry since P is the intersection of A’C' and AC’, we have PB = PD.

Since ZA = 45° and it inscribes BD, PB 1 PD if and only if P is the center of w. This
happens if and only if A’C' and AC" are diameters of w, which is equivalent to AC L A’A
and AC' 1 C'C, and since we showed above these are parallel to BD, this happens if and
only if AC L BD as desired.
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5/3/36. Find all ordered triples of nonnegative integers (a, b, ¢) satisfying 2% - 5 — 3¢ = 1.

Solution

The only ordered triples satisfying the given equation are (a,b,¢) = (1,0,0), (2,0,1), (1,1,2).
These clearly work.

If a = 0, then 5° and 3¢ are both odd, so the LHS is even while the RHS is odd, contra-
diction. Hence a > 0.

If ¢ = 0, then 2¢- 5 = 2, giving the solution (a, b, c) = (1,0,0). Henceforth assume ¢ > 0.

If a > 3, taking the equation modulo 8 gives us —3¢ = 1 (mod 8). The quantity 3¢ can
only be congruent to 1 or 3 (mod 8), so we get a contradiction. Hence a = 1 or a = 2.

Suppose a = 2, so that our equation reads 4 - 5 — 3¢ = 1. If b = 0, then we must have
¢ = 1, giving us the solution (a,b,c) = (2,0,1). Henceforth assume that b > 0. Taking the
equation modulo 4 gives us —3° = 1 (mod 4), so ¢ must be odd. But taking the equation
modulo 5 gives —3° =1 (mod 5), so 3° =4 (mod 5) and hence ¢ = 2 (mod 4). This implies
c is even, a contradiction, so there are no other solutions in this case.

Hence suppose a = 1, so that our equation reads 2 - 5% — 3¢ = 1. Taking b = 0 gives
us (a,b,c) = (1,0,0) again, so suppose b > 0. Then taking our equation modulo 3 gives us
571 =1 (mod 3), so b+ 1 must be even and hence b must be odd. Therefore, let b = 2d + 1.
Taking our equation modulo 5 then gives us —3° =1 (mod 5), so ¢ =2 (mod 4). Therefore,
let ¢ = 4e + 2. Now our equation reads

2 . 52d+1 . 34€+2 _ 1

?

or 10 - 5% — 9. 3% = 1. Taking the equation modulo 9 gives us 6 | 2d, so 3 | d; hence let

d = 3f, so our equation reads
10-5% —9.3% =1.

Taking the equation modulo 7 gives us 6 | 2e, so 3 | e; hence let e = 3g, so our equation

reads
10-5% —9.3129 — 1,

Taking the equation modulo 13 gives us 12 | 6f, so 2 | f; hence let f = 2h, so our equation
reads
105" —9.3"%0 =1,

Now we prove a claim:
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Claim: For all positive integers k, we have 532" = 332" = 2542 1 1 (mod 2+13).

Proof: By induction. The base case k = 1 is trivial. Now suppose the claim is true for
k—1>1, so that
532 = 9 L1 (mod 272).

This means that for some constant C, we have

ok—1

5327 = (0. ok t2 p okt 4

Squaring both sides gives us
532% _ (C% 4 C) - 22+ 4 0. Qh+3 | 92k+2 | ok+2 4 ¢
Since k > 1 we know 2k + 4 > 2k + 2 > k + 3, so reducing modulo 2**3 gives us
532" — ok+2 +1 (mod 2k+3)‘
The inductive step for 332" ig similar. W

Now, our claim tells us that taking our equation 10 - 5'2* — 9. 329 = 1 modulo 32, we
have 10-17" —9-179 = 1 (mod 32). Since 172 = 1 (mod 32) we must have 2 | h and 2 | g, so
we can rewrite our equation as 10 - 52" — 9. 3%%" = 1. Taking this modulo 64, we similarly
find that 2 | 2’ and 2 | ¢, so we can rewrite this as 10-5%"" —9.3%89" = 1. Repeating this ad
nauseum (using the fact that (2 +1)2 = 1 (mod 25*1)), we see that h and g, hence d and
e must both be divisible by 2* for all k, so we must have d = e = 0, giving us the solution
(a,b,c) = (1,1,2).

Hence the only solutions to our original equation are

(a,b,c) = (1,0,0), (2,0,1), (1,1,2).
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Solution

Rewrite the equation as:
205" = 3¢ 4 1.

Since 3° + 1 has a unique prime factorization, there is at most one solution for a given c.

It’s easy to verify that | (1,0,0),(2,0,1), and (1,1, 2) | are solutions. We claim that these
are the only ones, i.e. no solution has ¢ > 2.

Proof. Let x > y > 0 be coprime integers and let n be a positive integer. Zsigmondy’s theo-
rem states that 2" 4 y™ has a prime factor p which does not divide 2* 4 3/* for all 1 < k < n,
with the exception of 23 + 1 = 9.

In our case, we set x+ = 3 and y = 1. Notice that 3! + 1' = 4 is divisible by 2 and
32 4+ 12 = 10 is divisible by 5. Thus, by Zsigmondy’s theorem, if ¢ > 2, then 3¢ + 1 has
a prime factor other than 2 or 5. This means 3¢ + 1 can’t be written in the form 2?5° for
c> 2. 0
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Solution

Let v,(n) be the exponent of p in the prime factorization of n. For example, v5(600) = 2
and v7(85) = 0. One part of the lifting-the-exponent lemma states that if p is an odd prime,
p|x+y, and n is odd, then v,(z" + y") = v,(x +y) + v,(n).

Now, we analyze the cases b =0 and b > 1.

If b =0, then the equation becomes:

20 =3¢+ 1.

a =1 and a = 2 yield the solutions |(1,0,0)| and |(2,0,1) |, while @ = 0 does not yield a
solution. There are no solutions with @ > 3 since 3° 4+ 1 =0 (mod 8) has no solutions.

If b > 1, then we have 0 = 3°+ 1 (mod 5). Thus, we have ¢ = 2 (mod 4). In other
words, ¢/2 is an odd integer. Now, we want to solve:

2050 = 9°/% + 1.

We have 5 | 9 + 1, so by lifting the exponent, we get:
b=u5(972+1) = v5(9+ 1) + v5(c/2) = 1 + 15(c/2).
So, v5(c/2) = b — 1. This means 5°~* | ¢/2, or 2 x 5° | 5c.
Taking the equation mod 4, we get:
201" =12 +1 (mod 4),
soa=1and 3+ 1 =2 x 5. Thus, 3¢+ 1 | 5¢, meaning that
3°+1 < 5e.

The exponential LHS grows much faster than the linear RHS, so the only solutions have
0 < ¢ < 3. Checking these 3 values of ¢ yields only one more solution | (1, 1,2) | for a total of
three solutions.

Remark. A certain generalization of this problem is closely related to the abc conjecture.
Namely, consider equations of the form:

p?lX...Xpan_i_qi)lx...quTL":TTlX...X/]"Iik

where the p;, ¢;, and r; are fixed primes, all distinct from each other. An example of
such an equation is 7%41° + 2¢ = 11913°17/. The abc conjecture states that every such
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equation has finitely many solutions, and every solution is “not much bigger than” G =
P1e--Pnqi-..-qmT1...7Tx. Thus, a constructive proof of the abc would give a procedure for
solving such equations: Simply check all possible solutions up to the bound given by the
proof. Weaker forms of the abc conjecture have been proven (e.g. by Stewart and Tijdeman,
1986), so we know that all such equations have finitely many solutions, but the bound given
is exponential in (G, making it impractical in most cases to run the brute-force procedure to
find all solutions.
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